In this paper we analyze the vacuum polarization effects of a massless scalar field in the background of a global monopole considering a inner structure to it. Specifically we investigate the effect of its structure on the vacuum expectation value of the square of the field operator, Φ 2 (x) , admitting a non-minimal coupling between the field with the geometry: ξRΦ 2 . Also we calculate the corrections on the vacuum expectation value of the energy-momentum tensor, T µν , due to the inner structure of the monopole. In order to develop these analysis, we calculate the Euclidean Green function associated with the system for points in the region outside the core. As we shall see, for * E-mail: spinelly@fisica.ufpb.br † E-mail: emello@fisica.ufpb.br 1 specific value of the coupling parameter ξ, the corrections caused by the inner structure of the monopole can provide relevant contributions on these vacuum polarizations.
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Introduction
A global monopole is a topological defect produced in the phase transition of a system composed of a self-coupling scalar field triplet, ϕ a , whose original global O(3) symmetry is spontaneously broken to U(1). The scalar matter field plays the role of an order parameter which outside the the monopole's core acquire a nonvanishing value. The simplest model which gives rise to a global monopole is described by the Lagrangian density below, and has been analyzed by Barriola end Vilenkin [1] :
The ansatz adopted to find monopole configuration is
with x a x a = r 2 . The most general static metric tensor with spherical symmetry can be written as ds 2 = −B(r)dt 2 + A(r)dr 2 + r 2 (dθ 2 + sin 2 φ dφ 2 ) .
The Euler-Lagrange equation for the field f (r) in the metric (3) is
where the prime denotes differentiation with respect to r. The energymomentum tensor associated with the matter field is given by
The solutions to the scalar and gravitational fields can be obtained by using the above energy-momentum tensor as source of the Einstein equation, together with (4) . However, unfortunately it is not possible to obtain exact analytical solutions to the complete set of non-linear coupled differential equations. Only numerical methods can provide solutions [2] . 1 Analytical approximated solutions can be obtained in the region outside the monopole's core. It can be observed that in this region f ∼ 1, and the energy-momentum tensor can be approximated by 
Coupling the above energy-momentum tensor with the Einstein equations, solutions to the components of the metric tensor can be obtained. They are given below by the following line element:
where α 2 = 1 − 8πGη 2 < 1, and M a constant of integration. For points very far from the monopole center, or simply discarding the integration constant, the above expression can be written by
Harari and Loustó [4] , presented a solution to the gravitational fields considering a simplified model to the monopole which displays the main features associated with this object. The authors model the monopole by a false vacuum in the region inside its core, i.e., f = 0 for r < δ, and by a true vacuum, f = 1, in the region outside the monopole. So according to this model in the region inside, the solutions to the metric tensor is given by the following line element
where
and in the region outside the monopole's core the metric tensor is given by (7) . Harari and Loustó also have pointed out that the inner de Sitter solution can match the exterior solution without the necessity to include an infinitely thin shell at the boundary, provided the mass, M, and the radius, δ, of the monopole satisfy the conditions:
This negative value to the monopole mass does not violate the positive mass theorem because the spacetime is not asymptotically flat. So the gravitational mass does not coincide with the ADM mass [5] .
The main objective of the paper is to calculate the effect of the monopole's core on the vacuum polarization of a massless scalar quantum field in the region outside the monopole. In order to develop this analysis we shall calculate the Euclidean Green function associated with this physical situation. Because the calculation of this Green function in the geometry described by (7) cannot be written in a closed form, we shall consider the solution (8) for describing the exterior geometry. In this case, because the interior and exterior solutions cannot be smoothly matched, it necessary to include a surface layer at the boundary. In the thin wall approximation, the energymomentum tensor associated with the layer is proportional to a delta-Dirac distribution concentrated on a surface. The analysis of the motion of a non static wall in the global monopole system has been analyzed a few years ago in [6, 7] . In this present analysis we shall consider the wall being static.
There are many methods to calculate the energy-momentum tensor associated with the infinitely thin wall [8, 9] . Here we shall adopt the distributional one [10] , which is equivalent to the presented by Darmois [8] and Israel [9] . The interior and exterior metric to the wall must be continuous everywhere, however their derivative with respect the radial coordinate may be discontinuous. For this present case the thin wall must be a spherical surface of radius r 0 concentric with the monopole's core. So the metric tensor can be written in the following form:
with g (+)
µν and g
µν being the exterior and interior metric tensors, respectively, and Θ the step function. The energy-momentum tensor associated with the wall can be obtained by using the Einstein equation. We can express the energy-momentum tensor in whole space by:
µν (x)δ(r − r 0 ) , (13) where the last term on the right hand side of the above equation corresponds to the contribution coming from the wall. Calculating the Einstein tensor to the whole space by using (12) , we obtain that this tensor associated with the wall is given by terms proportional to delta-Dirac function, as shown bellow:
. So, using the Einstein equation we find
We can also write the Ricci scalar to the whole space
This paper is organized as follow. In section 2 we explicitly calculate the Euclidean Green function associated with a massless scalar quantum field in the region outside the global monopole's core admitting a non-minimal coupling between the scalar field with the geometry: ξRΦ 2 . We show that this Green function presents two parts: The first is the usual one associate with a point-like global monopole spacetime. The second is consequence of a nonvanishing structure admitted to the monopole's core. In section 3 we calculate the renormalized vacuum expectation value Φ 2 (x) in a complete form. We show that besides the standard result obtained to this expectation value, there appears a new contribution, the correction, consequence of assuming a non-vanishing value to the monopole's core. We also show that this quantity can be estimated in a approximate way. In general the correction decreases very fast with the distance to the monopole; however we show that for specific value of the non-minimal coupling constant, ξ, it presents a long-range effect. In section 4 we present the formal expression to the renormalized vacuum expectation value of the energy-momentum tensor, T µν (x) , and explicitly calculate the correction due to the inner structure of the monopole. We leave for section 5 our conclusions and most relevant remarks about this paper.
Calculation of the Euclidean Green Function
The Euclidean Green function associated with a massless scalar field in the spacetime produced by a point-like global monopole, i.e., a spacetime whose geometry is described by the metric tensor given in (8) for the whole space, has been calculated by Mazzitelli and Loustó a few years ago [11] . There the Green function was obtained admitting a non-vanishing coupling between the field and the scalar curvature, R = 2(1 − α 2 )/r 2 . In this section we want to improve this result calculating the Green function admitting a non-trivial structure to the monopole, and for points outside to its core. As we have already mentioned, our development will consider the spacetime described by two distinct metric tensor, given by (9) for the region inside to the monopole and by (8) for the region outside to it.
The Green function associated with a massless scalar field with a nonminimal coupling with the geometry must obey the non-homogeneous secondorder differential equation
In order to calculate the vacuum average of the square of the scalar field and the energy-momentum tensor, let us construct the Euclidean version of the Green function by performing a Wick rotation on the time coordinate, i.e., t → iτ . Doing this and taking into account the components of the metric tensor considered in the regions inside (9) and outside (8) of the monopole we get
and
Due to the spherical symmetry presented by this system, the Euclidean Green function can be written as
Substituting (22) into (18) and using the standard representations to the δ−function in coordinates τ , φ and θ, we arrive to the following differential equation for the unknown radial function g l (r, r ′ ):
All the informations about the inner structure of the monopole are contained in g l (r, r ′ ). This function must obey specific properties. Let us define by g < l (r, r ′ ) the solution of (23) regular at r → 0, and by g > l (r, r ′ ) the solution that vanishes at infinity. These two functions satisfy the continuity condition at r = r ′ , with their first derivatives discontinuous at this point. Because it is our interest to calculate the vacuum polarization effect in the region outside the monopole's core, we have to solve (23) considering both r and r ′ greater than r 0 . The solution to g < l (r, r ′ ) must be continuous at r = r 0 ; however, because the curvature scalar possess a term proportional to δ(r − r 0 ), its first derivative is discontinuous at r = r 0 .
So after these brief explanation about our procedure, let us now consider the solution of (23) with r and r ′ greater than r 0 . In order to obtain the inner solution g < l (r, r ′ ), we should consider two regions separately: from 0 to r 0 and from r 0 to r ′ . Integrating in the region r < r ′ , we find:
being
In all the above expressions, 2 F 1 represents the hypergeometric function. The outer solution of (23) is given by
All the above constants are determined by imposing the boundary conditions obeyed by g < l and g > l at r = r ′ . Substituting the obtained results, we can write the function g l as shown below:
In the above equations r > (r < ) is the larger (smaller) value between r and r ′ , and the prime denotes the derivative with respect to the radial coordinates.
Substituting (31) into (22), and performing some intermediate steps, the Euclidean Green function is expressed by
with
and γ satisfying the the well known relation with the original angles (θ, φ) and (θ ′ , φ ′ ). Q λ and K λ are the Legendre and modified Bessel functions, respectively. We can observe that the first term in (33) corresponds to the Green function obtained in [11] to the point-like global monopole spacetime, while the second one presents, besides a dependence on the α parameter, a dependence on the radius r 0 through the coefficient Ω l .
Now having the Green function we can calculate vacuum polarization effects of a massless scalar field in this spacetime.
3 The Computation of Φ 2 (x) Ren.
In this section we calculate the renormalized vacuum expectation value of the square of the scalar field operator in the global monopole spacetime considering a inner structure to it. As we shall see this expectation value contains two contributions. The first one depends exclusively on the α parameter that we name regular, and the second, the correction, presents an explicit dependence on the radius of the monopole's core r 0 . (The first contribution vanishes in the limit α → 1, while the second vanishes in the limit r 0 → 0.)
The vacuum expectation value of the square of the scalar field is formally expressed by taking the coincidence limit of the Green function as shown below Φ 2 (x) = lim
However the above procedure provides a divergent result which comes exclusively from the first term of (33) which is proportional to the behavior of the Legendre function evaluated at unity. So, in order to obtain a finite and well defined result to Φ 2 (x) , we must apply some regularization procedure. Here we adopt the renormalization procedure given in [12] : we subtract from the complete Green function the Hadamard function. So the renormalized vacuum expectation value of the square of the scalar field is given by
where G H (x, x ′ ) is the Hadamard function. Adopting this procedure and after some intermediate steps [14] we find the following result:
In their paper, Mazzitelli and Loustó [11] have computed, up to the first order in the parameter η 2 = 1 − α 2 considered smaller than unity, the first term of (37). The value obtained by these authors is
where p 0 ≈ −0.39 and p 1 ≈ −1.41. Because µ is completely arbitrary cutoff scale there is an ambiguity in the definition of the renormalized vacuum expectation value above.
We can see that (38) depends on the distance from the global monopole in a completely different manner compare to the case of an infinitely thin cosmic string spacetime due to the presence of the logarithmic term. The second contribution of (37) is due to the nonvanishing value assumed to the monopole's radius. Allen at al [15] have calculated the vacuum polarization effect of a massless scalar field on a realistic cosmic string spacetime, considering generically the effect of the string's core through the non-minimal coupling between the scalar field with the geometry. There the authors found that the renormalized vacuum expectation value of the square of the field also presents two distinct contributions: the first being the standard one found in the literature, and the second, the correction, coming from the non-zero core radius of the string. Although being very small the radius os the cosmic string's core, the term of the correction associated with the n = 0 component of the azimuthal quantum number, presents a long-range effect. This term decays very slowly with the distance to the cosmic string and can be approximated expressed by a term proportional to 1/r 2 ln(qr). Here the correction of (37) also cannot be expressed in a closed form. It is given in terms of an infinity sum of not solvable integrals. The complete information about this contribution can only be obtained numerically specifying the ration r 0 /r, which we shall consider much smaller than unity. However, like in the paper [15] , an approximate behavior to the correction can be exhibited if we analyse the integrand of (37). Near the the origin Ω l (Er 0 ) behaves as (Er 0 ) 2ν l , and
In this region we have
All these informations indicate that we may approximate the integrand of (37) by assuming to the coefficient Ω l (Er 0 ) its first-order expansion. Adopting this procedure we can write
where w l and z l are given by
Consequently an approximate expression to (37) can be obtained:
Because r 0 /r is assumed to be smaller than unity, the most relevant correction comes from the l = 0 component. In this case the extra radial dependence of the second term is dominated by (r 0 /r) 1 2α for ξ = 1/8. The most significant change in the behavior of the correction of (37), happens for the case where the order of the modified Bessel function vanishes. In principle there is no physical evidence that determine the value of the nonminimal coupling constant ξ. However, for specific value of this constant, there appears in this model a long-range effect on the correction. The specific value will be given by imposing ν l = 0. So for the l = 0 component this value is ξ = ξ 0 = 1 8
2 Accepting this special value for the coupling constant the behavior of the coefficient Ω 0 for Er 0 smaller than unity changes completely. It will be given by
where C ′ = C − w 0 (z 0 + 3w 0 /4) −1 being C the Euler constant. The approximate values to f 0 and g 0 are obtained from the general expressions given before taking l = 0. In this way we havē
As we can see for l = 0, Ω l (Er 0 /α 2 ) decreases at least with (Er 0 /α 2 )
On the other hand Ω 0 (Er 0 /α 2 ) decreases slowly with the inverse of the logarithm in this limit. Consequently the most relevant contribution to the sum in (37) comes from the l = 0 component. This means that we can substitute the whole sum by just one term 3 . Let us use a more convenient notation to express (45)
The analysis of the behavior of the integrand of (37) assuming the expression (48) to Ω 0 can also be developed in a formal way as follows: in the region Er much smaller than unity, K 0 (Er/αAlthough being divergent the above expression, it can be integrated in the neighborhood Er ≈ 0. For Er much bigger than unity, Ω 0 (Er 0 ) ≈ e 2Er 0 and K 0 (Er/α 2 ) ≈ e −Er/α 2 . Consequently the product Ω 0 K 2 0 goes to zero in this limit.
So the most relevant contribution of the correction to the renormalized vacuum expectation value of the square of the operator scalar field is proportional to
As it has been discussed Bruce et al [15] , this approximation presents a problem because of the integrand has a pole at v = qr. However, this pole is a consequence of the approximation adopted, and it occurs in the region where the argument of Ω 0 is bigger than unity, consequently the approximation is no longer valid. Here, in our calculation, we reached the same conclusion. Choosing α = 0.9, the value assumed for C ′ is 0.68. So qr = 2r r 0 e −C ′ is of order 10 3 for r 0 /r = 10 −3 and Er 0 /α 2 ≈ 1. Besides we can observe numerically that (51) can be approximated discarding the term ln(v).
Supported by this analysis (51) can be written as
consequently we conclude that the second term of (37) can be approximate by [14] − π 16 1 r 2 ln(qr)
.
As we have already discussed our approximation consists to substitute the expression (45) to the coefficient Ω 0 in (37) and discard the pole. In order to confirm this approximation, we analyzed numerically the integrand of the second contribution of (37) using the exact expression (32) and the approximate one (53) to the correction. The numerical results are exhibit in Fig. 1 .
We finally present the expression below to the renormalized vacuum expectation value of the square of the field operator in the global monopole spacetime considering a inner structure to it:
As we can see the explicit dependence on the inner structure of the monopole appears only in the third term. This term vanishes slowly with r → ∞, consequently it is a long-range effect. 
Computation of T µν Ren
The energy-momentum tensor T µν (x) is a bilinear function of the fields, consequently we can calculate its vacuum expectation value, T µν (x) , by standard method using the Green function [13] . The general structure of the renormalized vacuum expectation value of the energy-momentum tensor associated with a massless scalar field in a point-like global monopole spacetime has be developed by Mazzitelli and Lousto [11] a few years ago. There the authors have shown that this tensor can be written as
Although the exact expression to the tensor A µν has not been been explicitly calculated yet, its general structure can be provided by imposing that T µν (x) Reg must be conserved
and satisfies the conformal trace anomaly
for ξ = . Because the Green function associated with this system presents two distinct terms, T µν Ren will be expressed by two contributions:
where T µν Reg is the contribution coming from the point-like global monopole spacetime, and T µν C the contribution coming from the non-vanishing core radius of the monopole. Here we present the correction to this expectation value, which can be calculated by using the expression below
being G µν the Einstein tensor and G C (x, x ′ ) the correction of the Green function. Because the second contribution to the Green function is finite at the coincidence limit, the above calculation can be performed directly.
Supported by our previous discussion we can infer that the most important contribution to T µν C comes from the l = 0 component of (33). Considering only the specific situation where the order of the modified Bessel function vanishes, we found the following results: 
Concluding Remarks
In this paper we have analyzed the vacuum polarization effects of a massless scalar field due to a non point-like global monopole. We have shown that the renormalized vacuum expectation value of the square of the scalar field presents two distinct contributions: the first is the usual one found in the literature associated with a point-like object, and the second, the correction, is due to its inner structure. We have pointed out that for specific value of the non-minimal coupling constant ξ, the correction presents a long-range effect. We also calculated the correction to the renormalized vacuum expectation value of the energy-momentum tensor due to the inner structure to the monopole. As in the previous analysis, we show that a long-range effect can also takes place on this quantity. As we have seen, for both calculations, Φ (x) 2 C and T ν µ (x) C , the extra radial dependences presented by these quantities are equal, and given by 1/ ln(qr), which is smaller than any power of the inverse of r.
In the paper by Bruce et al [15] , the correction in the vacuum polarization of a massless scalar field due to the non-zero core radius of the string has been compared with the contribution coming from the geometry. The authors have shown that the correction has the same magnitude as the geometrical contribution up to a distance from the cosmic string that exceed the radius of the observable universe. Because the global monopole spacetime presents a non-vanishing scalar curvature, there appears an arbitrary mass scale in the definition of the vacuum polarization effects due to the geometry. So if we are inclined to compare both contributions in Φ (x)
